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Abstract 
Suppose M is an n x n matrix with entries in GF(q). For fixed n, we specify the behavior as 
q -+ cc of the probability that GF(q) contains n eigenvalues of M (counting multiplicities). 
1. Introduction 
Let K be a field, let iz be an integer 32, and let M be an n x 12 matrix with entries 
in K. If K is algebraically closed, then K contains n eigenvalues of M (counting 
multiplicities). However, if K is not algebraically closed, then K may contain fewer 
than n eigenvalues for M (counting multiplicities). Now suppose q = p’, where p is 
a prime number and Y is a positive integer, and let K = GF(q), the finite field with q 
elements. We shall consider the following question: how likely is it for K to contain 
n eigenvalues of M (counting multiplicities)? In particular, we shall be interested in 
what happens as q + 00 for fixed n. We also consider the following question: how 
likely is it as q 4 cc for the Jordan canonical form for M to be diagonal when GF(q) 
contains n eigenvalues for M? 
2. Probability for eigenvalues to be in GF(q) 
First we introduce some notation. If A is a set with finitely many elements and B is 
a subset of A, we define a probability PA(B) by 
PA(B) = E > 
where #(S) denotes the number of elements in a finite set S. We let 
A 4,n = {n x n matrices with entries in GF(q)} 
(1) 
(2) 
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B, n = {M E A,, : GF(q) contains n eigenvalues of A4 
(counting multiplicities)}. 
We shall prove the following theorem. 
Theorem 1. Let A,, and B, n be dejined by Eqs. (2) and (3). Let PA,,,(B~,,,) 
probability de$ned as in Eq. (1). For jixed n, P,J,,(B~,~) --f 1 jn! as q ---f CXI. 
precisely, 
PA,,,(B~,~) = -$ 1 + (’ - 1)2(n+2)i 
4 
as q--too 
where the constant in 0(qe2) depends on n. 
Remark. For fixed q, PA,,,(B~,~) = c&-‘q+ + 0(rC2q-“) as n -+ 00, where 
(q - l)! fl,“=,( 1 - qpk)q-l (cf. [4, Proposition 211). 
(3) 
be the 
More 
-1 = 
Cq 
Before proving Theorem 1, we make some preliminary observations. If M E B,,,, 
then the characteristic polynomial g(x) for M over GF(q) has the form 
g(x) = (x - al )‘I . . (x - a,)jq , (4) 
where al,..., a4 are the distinct elements in GF(q), each integer ji 20 for 1 6 i <q, 
and jr + . . + jq = n. For integers j>O, we let 
(1 -q-‘)(l -qw2)...(1 -q-j) ifjal, 
%j) = 
1 ifj=O. 
(5) 
Then by [3, Theorem 21, the number of distinct M E B,, that have the same charac- 
teristic polynomial g(x) given by Eq. (4) is 
Hence, 
B&n) = c qn*-nF(q,n) 
,,+.. +Q,=” 
each ,, B 0 
Since #(Aq,n) = q”‘, then we have the following result. 
Lemma 1. 
(6) 
PA,,,(Bq,n) = c q-“F(q,n) 
,,+ .+lq=” 
/ (oF(Uil) . 
et,< 1 I, B 0 
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Next we suppose q >,n, and we let 
B q,n,’ = {M E B,, : each exponent ji = 0 or 1 in the 
characteristic polynomial y(x) for M in Eq. (4)}, (7) 
B q,n,2 = {M E B,, : exactly one exponent ji = 2 and each 
other exponent jk = 0 or 1 in the characteristic 
polynomial y(x) for M in Eq. (4)) (8) 
and 
B q,n,3 = {M E B,,, : ~4 $ @,,,I UB,..,d} (9) 
Since B,. is the union of the disjoint sets B,., I, Bq,~.2, and Bq,~,3, then Theorem 1 
is a consequence of the following lemma. 
Lemma 2. 
(a> PA,.,,&~,I ) = -$ (1 - (+2:(n-” . ; + o( $)) us q + cc . 
@I C4,,(By,n,2) = & . ; + 0 $ 
( ) 
as 4 + cc . 
(c> h,,,,(Bq,n,3 I= o($) asq-+m. 
Proof. If M E B, ,,, I, then ny=, F(q, ji) = (1 - q-’ >” since each j, = 0 or 1. Also the 
number of q-tuples (j’, . ,jq) with each ji = 0 or 1 and with j’ + . . + j, = n is the 
binomial coefficient (I). Then analogous to Eq. (6), we have 
W,,, I > = c qn2-‘Wq,4 
i,+ +I,,=‘! 
each is=0 or I 
= 4 “2-“F(q,n)/( 1 - q-l)” 
= q(q- l)(q-2)...(q-n+ l)q”‘-“(1 -q-‘)(l -q-2)...(1 -q-“) 
n!(l -4-l) 
q”2 
n! 
l(l-q-‘)(l-2q-‘).. . (l-(n -l)q-‘)(l- q-‘)(l- qP2)...(1- q-“) 
(l-q-‘) 
= $ [(l -q-‘)(1-2q-‘)~~~(l -(n- l)q-‘)(l -q4-‘)-(n-‘)+0(q-2)] 
= $ [(l-q-1)(1 -2q-’ )...(l -(n- l)q-‘)(l +(n- 1)q-‘)+O(q-2)] 
=$[l-( 1+2+...+(n-l)-(n-l))qp’+O(q-*)I 
=4n- l- 
I’! [ 
(n-2)(n- 1) 1 
2 
.y+O + 
( )I 
asq-+oo. 
4 
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Then 
Wqnl) 1 
p~,,,(B~,n, I > = + = - 
_ (n-W- 1) 
4 n! 2 
asq+m. 
Now suppose M E Bq,n,2. Then ny=, F(q,j;) = (1 - q-l >“-‘( 1 - qe2), and analogous 
to Eq. (6), we have 
W4,n,2) = c d’2-“~(w+/[U - dn-‘U -q-*1] . 
NOW there are q choices for the one exponent ji that equals 2, and there are (:I:) 
choices for the (q - l)-tuple (jr,...,jj_l,ji+r ,...,js) with each jk = 0 or 1 and 
jr+...+ji_r+ji+r+...+j,=n-2.Then 
q_ 1 q”2-“(1 _q-‘)(1 _q-*)...(l _q-“) 
W&n,*) = 4 n _ 2 
( ) (1 - q-‘)“-‘(I -4-2) 
-4 “*-“q(q- l)(q-2)...(q-n+2)(1 -q-1)(1 -q-$(1 -q-“) 
(n - 2)!( 1 - q-‘)“-I( 1 - q-2) 
~(1-q-‘)(1-2q-‘)...(l-(n-2)q-‘)(l-q-’)(l-q-*)...(1-q-“) 
4 (1- q-‘>“-I(1 -q-2) 
=&.f(l+O(f)) asq-icc 
so 
W, n 2) 
P~,,,,&n,d = + = ~ . - 
4 
asq-+co. 
Finally, we consider Bq,~,3, and analogous to Equation (6), we have 
W4,n,3) = c’ d+%,n) 
,,+...+,q=” 
/ (fii,q;iil) t 
each ,, a 0 
where C’ is a sum restricted to q-tuples (jr , . . . , j,) such that some ji > 3 or at least 
two values, say ji and jk, satisfy ji 22 and jk 22. NOW we note that ny=, F(q, ji) > 
(1 -q-l)n, and F(q,n) < 1. So 
n2-n 
#(BqA3) < (14 d)n,,+__ +,q=,, C’ 1. 
each ,, do 
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Next we note that the number of q-tuples VI,. . ,j4) with each ji 2 0 and ji f. . . +j, = 
n is the number of ways of choosing n objects from q objects with repetitions allowed. 
So the number of such q-tuples is (“‘“,-I ) (cf. [2, p.1201). If we subtract the number of 
q-tuples we used when calculating #(B,, n, 1) and #(B,, ,,, z), we see that the number of q- 
tuples for the sum C’ is (“‘“,-I) - (I) -q(f,z:). Now (“‘“,-I) and (z) are polynomials 
in q of degree n with leading coefficients equal to (n!)-‘, and then a calculation shows 
that (“‘“,-I) -- (4) is a polynomial in q 
to ((n - 2)!)-‘. Since q(iIi) is also a 
coefficient equal to ((n - 2)!)-‘, then 
(“‘Z- ‘) - (:) -q(:I:) 
of degree n - 1 with leading coefficient equal 
polynomial in q of degree n - 1 with leading 
=O(qnp2) as q-+cc. 
It follows that 
Wqn3) 
~.4,,,,mf,n,3) = -y- 
4 1 asq+m, 
n and the proof of Lemma 2 is complete. - 
Remark. Values of PA,,,,(B~,~) for some values of q and n appear in Tables l-3. We 
note that for fixed q, PA,,,(B~,~) converges to 0 exponentially fast as n -+ 00, whereas 
for fixed n, PA,,,(B~,~) converges to l/n! more slowly as q --+ co. 
Table 1 
Probabilities PA,,,n(B4,n) 
9 n=2 n=3 n=4 n=5 
2 
3 
2” 
5 
I 
23 
3: 
11 
0.875000 0.687500 0.496094 0.334961 
0.777778 0.503429 0.285475 0.147134 
0.718750 0.411133 0.200788 0.087671 
0.680000 0.357440 0.157707 0.061475 
0.632653 0.298507 0.115623 0.038900 
0.617187 0.280731 0.104004 0.033253 
0.604938 0.267140 0.095458 0.029278 
0.586777 0.247754 0.083782 0.024105 
Table 2 
Probabilities P,+,r(B4, n) 
9 n = 10 n = 20 n = 30 n = 40 
2 0.026396 0.000059 9.0 x 10-X 1.2 x lo-‘0 
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Table 3 
Probabilities Pay, ,, (B4, ,,) 
n q = 24 q = 26 q = 28 q = 2’0 
2 0.560547 0.515503 0.503899 0.500976 
3. Probability for diagonal Jordan canonical form 
Now we consider the following situation. We suppose A4 is an n x n matrix with 
entries in GF(q), and we assume GF(q) contains IZ eigenvalues of A4 (counting mul- 
tiplicities). Then the Jordan canonical form for A4 has entries in GF(q). We consider 
the following question: how likely is it for this Jordan canonical form to be a diagonal 
matrix? (Remark: From linear algebra a diagonal Jordan canonical form for A4 with 
entries in GF(q) is equivalent to A4 having n linearly independent eigenvectors in an 
n-dimensional vector space over GF(q).) In particular, we shall be interested in what 
happens as q --f 0;) for fixed n. We let 
C,,, = {M E B,, : the Jordan canonical form for M is diagonal} . (10) 
We shall prove the following theorem. 
Theorem 2. Let B,. and C,,, be defined by Eqs. (3) and (10). Let PB,,,,(Cq,,,) be 
the probability defined as in Eq. ( 1). For jixed n, 
PB,,,<C~,,) = 1 - n(n - l)q-’ + 0(qf2) as q --+ m 
where the constant in O(qe2) depends on n. 
Remark. For fixed q, PB,,,( C,,,) = O(n’-qq”-“‘/q) as n --) cc (cf. [4, Corollary 18, 
Proposition 211). 
Proof. We first observe that 
pEU.,,(cq,n)=pE,,,,(Cq,n nBq,n,l)+p~,~~(cq,n nB,,,2) 
+fk,. ,/ ( Cq, n n 4, n, 3 I (11) 
(See Eqs. (7), (8), and (9) for definitions of B, n, 1, Bq+2, and B,,, 3, respectively.) 
Now if A4 E Bq,,,,l, then A4 has n distinct eigenvalues, and hence its Jordan canonical 
form is diagonal. So M E C,,,. Thus C,,, n B,, 1 = B,, 1. Using Theorem 1 and 
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Lemma 2(a), we get 
PA,. ,I (4.4 1 
)=P5<,r!(B,n.1) = pA,,,(Bn) 
1 - (n - 2)(n - 1)22’q-1 
= 1 +(n- l)(n+2)2-‘q-1 
+ O(q-2) 
=, _ (n-2)(n- 1) + (fl- l)(n+2) q-l +o(q-2) 
( 2 2 1 
=1-n(n-l)q-‘+O(q-2) asq+m. 
Next we note that Theorem 1 and Lemma 2(c) imply that Pg, ,,( C,, n n B, n, 3) = 0(q-2 ) 
as q --+ 00. Hence from Eq. (1 1 ), we see that the proof of Theorem 2 will be complete 
if we can show that Ps,,,(C,,.nB,.,,) = 0(q-2) as q -+ cx). Now suppose A4 E Bq,,,,2. 
Then the Jordan canonical form for A4 has n - 1 distinct eigenvalues, and hence one 
eigenvalue, say ak, has multiplicity 2. The characteristic polynomial for the 2 x 2 
Jordan block corresponding to ak is (X - qk)2, and there are q2 distinct 2 x 2 matrices 
with entries in GF(q) that have this characteristic polynomial (see [3, Theorem 21). 
However only one of these q2 matrices is diagonalizable, namely the 2 x 2 diagonal 
matrix both of whose diagonal entries equal ok. This fact, together with Theorem 1 
and Lemma 2(b), imply that PS ‘,_,, (C,,, n B, n,2 ) is contained in the error term 0(qe2). 
Hence, the proof of Theorem 2 is complete. 0 
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